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1. Introduction 
In [3], Gruenhage proved that if a normal, locally connected space is either locally 
compact and submetacompact or rim-compact and subparacompact then it is para- 
compact. These two results of his strengthened earlier work of Reed and Zenor [5] 
and Chaber and Zenor [2], respectively, by proving that ‘perfectly normal’ in their 
theorems can be reduced to ‘normal’. In the same paper [3], Gruenhage asked 
whether a normal, locally connected, rim-compact, submetacompact space has to 
be paracompact (thereby strengthening both of his above theorems). The aim of 
this paper is to answer this question affirmatively. 
Our work is arranged in Sections 2 and 3. In Section 2 we answer Gruenhage’s 
question if the space is, in addition, SW,-collectionwise Tz (Theorem 2.5). Moreover, 
here we only need ‘submeta-Lindelof’ and ‘rim-Lindelof’ in place of ‘submetacom- 
pact’ and ‘rim-compact’. Having proved Theorem 2.5, we are almost ready to give 
the promised affirmative answer to Gruenhage’s question, since by [3, Lemma l] 
the spaces satisfying the conditions of Gruenhage’s conjecture are <2”-collection- 
wise T2. Unfortunately, we may have 2” < w2, so we are forced to do some extra 
work by ‘iterating’ the idea of Gruenhage’s Lemma 1 @‘h the help of a ‘chaining 
argument’ to get <w,-collectionwise T2. This is dealt with in Section 3. 
DeJinitions and terminology. Throughout the paper, we use terminology and 
notation of current set theory and set-theoretic topology. All spaces are assumed to 
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be regular T,, A, A” and aA denote, respectively, the closure, interior and the 
boundary of the set A in the space X, whatever space the letter X denotes in that 
context. If 0 is a family of subsets of X and x E X, then 0x denotes the subfamily 
{ 0 E 0: x E 0). A space is said to be rim-compact (see [2]) if it has a base consisting 
of sets with compact boundaries. We shall adopt Junnila’s term ‘submetacompact’ 
instead of the old term ‘o-refinable (see [4]). A space X is said to be submetacompact 
if every open cover 0 has a sequence (0 ,,,: m E w} of open refinements in such a way 
that for every x E X, there is a an m E w with l(C!7,,,)x] < w. In analogy to the above 
definitions let us say that a space is rim-Lindeliif if it has a base consisting of sets 
with Lindelijf boundaries, and let us define submetalindeltif (old term: M-refinable, 
see [ 11) spaces by substituting ‘I( O,),] s w’ in place of ‘I( 6’,,,),1< w’ in the definition 
of submetacompact spaces above. Let K 2 w be a cardinal. Then a space X is said 
to be K-compact if it has no closed discrete sets of cardinality aK, and K-Lindel6f 
if every open cover of X has a subcover of cardinality 6 K. (If K = w, then we are 
given the definitions of countably compact and Lindelof, respectively.) X is said 
to be SK-collectionwise T2 (resp. strongly G K-collectionwise T2) if the points of every 
closed discrete set of size SK can be separated by a disjoint (resp. discrete) family 
of open sets. 
2. Assuming < w,-collectionwise T2 
Lemma 2.1. Let X be a submetalindel6f space, and E be a locally countable subset of 
X. Then E is the union ofcountably many closed discrete subsets of X. 
Proof. Let 0 be an open cover of X such that [On El 6 w for every 0 E 0. By 
submetalindelijfness, 0 has a sequence {Q,,,: m E o} of open refinements such that 
for every x E X, there is some m E o with I(Q,),) s w. Let E, = {x E E: l(~,,,)~l s w}. 
Since E = U,,, E, it is enough to prove that for every m E w, E, is the union of 
countably many closed discrete subsets. To see this, fix m E w arbitrarily and define 
the equivalence relation -m on E, by putting x -,,, y iff there is a finite sequence 
00, . . . , Ok of elements of Q,,, such that x E Oo, y E 0, and 0, n Oi+r n E, f 0 
(i=O,...,k-1). 
Since 0, is point-countable on E,, and 10 n E,,,I s w for every 0 t E,, a counting 
argument shows that every equivalence class of -,,, is countable. Thus E, = 
lJkeo Emk in such a way that for every k E w, no distinct points of E,I, are equivalent 
with respect to -,,,. Since each 0 E ~7~ meets at most one of the equivalence classes 
of-,, it follows that IO n E,,& s 1 for every 0 E 6’, and k E w. Hence each Emk( m, k E 
0) is closed discrete in X. 0 
Lemma 2.2. Let X be a K+-Compact submetalindelGf space (K 2 co). Then X is 
K-Lindeltij 
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Proof. The standard argument that countably compact 
compact. (See [ 11.) 0 
3 
G&refinable spaces are 
In what follows we shall make use of local connectedness. A basic idea is that if 
a connected open set intersects an open set U but also contains some point outside 
U, then it must intersect au. Also note that normal, SK-collectionwise T2 spaces 
are strongly G K-collectionwise T2. 
Lemma 2.3. Let X be a locally connected, strongly s w,-collectionwise T2 space, and 
let 0 be a family of cardinality GO, of open subsets with Lindeliif boundaries. Then 
a(IJ 0) is 02-compact. 
Proof. Suppose indirectly that there is a closed discrete subset E = {I,: 7 E w2} of 
a(U 6). Since a(U 0) is closed, E is closed discrete in X, too. By the strongly 
s w,-collectionwise T2 property, there is a separation 93 = {B, : 77 E u2} of the points 
of E by a discrete open family in X. Since X is locally connected, we may assume 
that each B, is connected. Since 10) < w,, there is an 0 E 0 meeting w2 many members 
of 93. Since each B, contains a point (namely, 1,) outside 0, too, it follows from 
connectedness of the B,‘s that a0 meets w2 many members of 9. But this cannot 
happen since 9 is a discrete family and 80 is Lindeliif. 0 
Lemma 2.4. Let X be a locally connected, submetalindeliif, strongly w,-collectionwise 
T2 space, and K be a closed connected subset of X. Further, let 6 be an open cover of 
K of cardinality SW, such that each 0 E 0 has Lindeliif boundary. Then some countable 
subfamily of 0 covers K. 
Proof. Suppose indirectly that no countable subfamily of 0 covers K. Then throwing 
away some members of 0 if necessary we may assume that 0 = { 0,: 7 E wl} in such 
a way that for every 77 E w,, K n 0, - UEt,, 0, f 0. Since K is connected, for every 
~~~1wecanchooseapointl,~(~Fg~OOE)nK-~~~~Og.Let~(~)bethesmallest 
element of o, such that 1, E Ov(qj. Then, clearly, V( 7) 3 77 (77 E w,). 
Let C be a c.u.b. subset of w1 such that every r] E C is closed under the function 
v (i.e., for every E < 71 E C, U(E) < 77 holds). Then the points of E = {I,,: 17 E C} are 
all distinct, so [El = w,. Further, 6” = { 0,: 77 E w,} u {X - K} is an open cover of X 
such that each member of O* meets E in a countable set of points. Therefore, by 
Lemma 2.1, E is the union of countably many closed discrete subsets of X. Thus, 
since C is not the union of countably many non-stationary subsets of w,, there is 
a stationary A c C such that E’ = {I,: 77 E A} is a closed discrete subset of X. Since 
X is strongly w,-collectionwise T2 and locally connected, there is a separation 
93 = {B,: 77 E A} of the points of E’ by a discrete family of connected open subsets 
of X. Since 1, E IJ,,, O,, for every 17 E A there is an f( 7) E 77 such that B, n Of(q) f 0. 
By the Pressing Down Lemma, there is an ordinal /? E w, with If’@)I = wl, i.e., 
uncountably many members of 93 intersect 0,. Since 1, sz 0, for q > p, uncountably 
many of these members of 93 contain a point (namely, l,,) outside 0,. Since 93 
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consists of connected sets, uncountably many members of 93 meet a0,. However, 
??l is a discrete family of sets which contradicts the assumption that ao, is 
Lindelof. 0 
Theorem 2.5. Let X be a locally connected, rim-LindelCJ submetalindeliif, strongly 
s w2-collectionwise T2 space. Then X is paracompact. 
Proof. We may assume that X is connected. Then we are going to show that X is 
Lindeliif. Applying Lemma 2.2 for the case K = w, it follows that we only have to 
prove that X is w,-compact. 
Suppose indirectly that X is not w,-compact, i.e., there is a closed discrete subset 
E = {I,: 77 E wl} of cardinality o, of X. For every 71 E w,, let 0, be a connected open 
neighbourhood of 1, with Lindelof boundary such that 0, n E = { 1,). Now, fix a 
family 93 of connected open subsets of X with Lindelof boundaries such that 
lJ% = X-E. (This is possible by local connectedness of X.) Let us consider the 
open cover 0* = { 0, E w,} u 9 of X. Since X is connected, for every pair 0’, 0” 
of members of 6* we can fix a finite subset y( 0’, 0”) = {O,, . . . , 0,) of O* in such 
awaythat 00=0’, O”=O,,and O,nO,+,#flfor i=O,...,n-l.Thendefinethe 
sequence (0,: n E w} of subfamilies of 0” in the following way: 
(I) Ql={O,: 77 E 0,); 
(2) o,+, = C!Yn u {y( O’, 0”): O’, 0”E C$}. 
Now it is easy to verify that 0’ = lJ ..,,,6, has the following properties: 
(a) 6’ is a family of connected open subsets of X with Lindelijf boundaries; 
(b) 1Q’\~wr; 
(c) lJ0’ is connected. 
By Lemmas 2.3 and 2.2, a(U 6’) is w,-Lindelof. Thus there is a family 0” of ~wr 
connected, open subsets of X with Lindeliif boundaries such that lJ 0”‘1 a(U 0’) 
and (lJ 6”‘) n E = 0. Now, let us apply Lemma 2.4 for the closed connected subset 
K = lJ 0’ and for the open family 0”” = 6” u 6”’ to conclude that some countable 
subset of 6”” covers K. Since lJ (0”’ - QO) A E = 0, this implies that some countable 
subfamily of 6’0 = (0,: 77 E wi} covers E = {lz: 17 E wl} which is impossible by the 
definition of the 0,‘s. 0 
Remark. We cannot change ‘<w,-collectionwise T,’ to ‘normal’ in the hypothesis 
of Theorem 2.5. Indeed, the bubble space derived from a Q subset of the reals (see 
[6]), is a locally connected, locally second countable, normal Moore space (therefore 
satisfying all the conditions of Theorem 2.5 except <w,-collectionwise TJ, and is 
not paracompact. 
3. Getting < o,-collectionwise T2 
Lemma 3.1. Let X be a submetacompact, normal space. Further, let E be a closed 
discrete subset of X with 1El C 2” (K 3 w), and (0,: 1 E E} be an open family in X 
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such that 0, n E = {I} for every 1 E E. Then there is an open family 93 in X such that 
14 ~K,andforeve?‘ylEE,~{B:B~%,}~O,holds. 
Proof. By the submetacompactness of X it is easy to see that there is a sequence 
10 m: m E w} of open families in X such that: 
(a) for every m E w, I??,,, = { Om,: 1 E E} . m such a way that for every 1 E E, 1 E O,,,, c 0, 
holds: 
(b) for every x E X, there is some m E w with l(O,,,)xl < o. 
Now fix a family { Ee: p E K} of subsets of E in such a way that for every 1 E E, 
and for every finite subset F of E -{I}, there is some p E K with 1 E ED, EP n F = 0. 
(This can be done, since (E 1 G 2”.) By normality, for every m E o and p E K there 
is an open subset B,, of X such that 
Ep = B,, = &p = l., {O,,: 1~ ED}. 
Then P8 = {B,, : p E K, m E w} will be as required. Indeed, let 1 E E and x E X - 0, 
be arbitrary. Then we shall find a B E 93, such that B misses x. To see this, let m E w 
be such that l(0’,)xI < w and let F = (1’~ E: x E O,,,}. Since for every 1’~ E, O,,,,‘n 
E c O,, n E = {l’}, F is finite. Note that by x E X - 0,, I& F. Thus there is a p E K 
suchthat leE, and EanF=@Then B=B,p~(8),and 
&,,cU{O~~C /‘EE~}cX-{X}. 0 
Lemma 3.2. Let X be a locally connected, rim-compact, submetacompact, normal space, 
and E be a closed discrete subset of X with 1 E 1 G 2” (K 2 w ). Then there is a disjoint 
open cover B of E such that for every 0 E 19, 10 n E ( G K holds. 
Proof. Since E is discrete, there is an open family (0,: 2~ E} such that for every 
1 E E, a0, is compact and 0, n E = (1). By Lemma 3.1, there is an open familty 95’ 
with l%l< K such that for every 1 E E, 1 E n {B: B E %I,] c 0, holds. We may assume 
that 93 is closed under finite intersections. 
For every B in CB and 1E Bn E, let B (‘) denote the connected component of B 
containing 1. 
Claim 1. For every 1 E E there is a B in 9J with 1 E B(‘) c 0,. 
To see that the claim is true recall that n {B: B E a,} c O,, and thus n {B n 
~30,: B E a/3,} = 0. Since 93, is closed under finite intersections and a0, is compact, it 
follows that there is a B E 93, with B A 80, = 0. But then, by the connectedness of 
B(l) B(‘) c 0,. The claim is proved. 
N’ow, for every 1 E E, let us fix a B, E 93 such that 1 E BI” c O,, and for every B E 93, 
let 
E,={IEE;B,=B}. 
Note that E = IJ {E,: BE 93) and for every BE 93, {BI”: 1 E E,} is a disjoint 
separation of the points of Es. 
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By normality and local connectedness, there is a discrete family O’, = { OIB: 1 E E,} 
of connected open sets such that for every 1 E Ep, 1 E O,, = Bj”. Then 6’= 
lJ {O’,: BE %‘} is a K-discrete open family. 
Claim 2. Every member of 6” meets only SK other members of 0’. 
To show that this second claim is true, choose any 0 E 0’. Then 0 = OIB for some 
B E 3 and 1 E Es. Let B’E 93 be arbitrary. Then all members of 0”,, meeting 0 = OIB 
either must contain 1 or else must meet do,. (Indeed, if 0’ E Sl,., 0’ n 0 # 0 and 
0’ n a0, = 0, then by 0 c B(l) c 0, and the connectedness of 0’ it follows that 
0’ c 0,. Now, since by the definition of Ol,., 0’ n E # 0, and 0, n E = { 1) we conclude 
that 1 E O’.) But since 6$ is a discrete family, only one member of O& can contain 
1, and only finitely many member of 0 ‘B, can meet the compact set do,. Therefore 
only finitely many members of Og. meet 0. Thus 0 meets SK members of 6” = 
lJ { ag.: B’ E 93}. 
Finally, let 0 consist of all connected components of IJ 0”. Making use of Claim 
2, a usual chaining argument shows that each member of 0 is the union of SK 
members of 0’. Since every member of 0’ intersects E in a singleton, the lemma is 
proved. 0 
Corollary 3.3. Let X be a locally connected, rim-compact, submetacompact, normal 
space, and let A be any cardinal less 11,. Then X is A-collectionwise Tz. 
Proof. We may assume that A 2 w,, and that for every K < A we have already proved 
the corollary. Since A is less than 3, there is a K <A with 2” > A. Then by Lemma 
3.2, in order to separate A points of X it is enough to be able to separate K points 
of X which can be done by our inductive hypothesis. 0 
From Theorem 2.5 and Corollary 3.3 it finally follows the following theorem: 
Theorem 3.4. Let X be a locally connected, rim-compact, submetacompact, normal 
space. Then X is paracompact. 
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